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ABSTRACT

It is known from work of du Sautoy and Grunewald in [duSG1] that
the zeta functions counting subgroups of finite index in infinite nilpotent
groups depend upon the behaviour of some associated system of algebraic
varieties on reduction modp. Further to this, in [duS1, duS2] du Sautoy
constructed a group whose local zeta function was determined by the
number of points on the elliptic curve E : Y2 = X3 — X, In this work we
generalise du Sautoy’s construction to define a class of groups whose local
zeta functions are dependent upon the number of points on the reduction
of a given elliptic curve with a rational point. We also construct a class
of groups that behave the same way in relation to any curve of genus 2
with a rational point. We end with a discussion of problems arising from
this work.

1. Introduction

In [GSS] Grunewald, Segal and Smith introduced the notion of a zeta function
for an infinite group G encoding (normal) subgroups of finite index:

(e(s)= D  IG:H|I™ and (&(s)= Y |G:H|".
H<;G Ha;G

In particular, they considered these functions for an infinite nilpotent group, as

for groups of this type, the global zeta funetions split as an Euler produet of local
zeta functions:

@)= [I &, =11 > 16: I,

p prime p HxpG
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where x € {<,«}. Since then most effort in this subject area has gone into
understanding the nature of these local factors for specific torsion free nilpotent
groups. In [GSS] it was shown that there exists a Lie algebra L over Z associated
to G so that for almost all primes we have

Cz,p(s) - Cé,p(s)a

where (} (s) counts subalgebras/ideals of finite index in L.

Furthermore, the authors demonstrated that (j ,(s) could be expressed as a
p-adic integral over Try4(Zy), the upper triangular d x d matrices over Z,, and by
applying some model theory and work of Denef [D] established the rationality in
p~—* of these functions.

By evaluating the integrals explicitly, du Sautoy and Grunewald demonstrated
an intriguing link between the zeta function and the arithmetic of some algebraic
varieties. In particular, they showed that the zeta function of an infinite nilpotent
torsion free group is dependent upon the number of points on the reduction mod p
of some associated system of algebraic varieties. The question then is: what type
of varieties can arise in the evaluation of the zeta function of an infinite torsion
free nilpotent group?

Du Sautoy provided the first interesting answer [duS1, duS2] to this question
by constructing a group G(FE) for which we have

Cp(s) = Pilp,p™°) + |E(E)| P2(p, p™°)

for rational functions P;, P, and for the elliptic curve £ : Y2 = X° - X. In
[GSS] the authors asked whether every torsion free nilpotent group should have
a finitely uniform (normal) zeta function. In other words, given any such group
should we expect that finitely many rational functions will describe all the local
zeta functions as p varies. Du Sautoy exploited well known arithmetic properties
of the above elliptic curve to show that for this group the zeta function is not
finitely uniform.

The aim of this paper is to extend this work of du Sautoy and produce a larger
class of algebraic varieties whose reduction modp is encoded in the subgroup
structure of some infinite nilpotent group. In particular, we prove

THEOREM 1: Let E be an elliptic curve defined over Q with a rational point
in Q. Then there exists a 9 generated, class 2 infinite torsion-free nilpotent
group G, associated Lie algebra L, associated lines My, M, and rational functions
Py,...,P;s € Q(X,Y) so that for almost all primes p, in particular including
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primes dividing neither the discriminant nor the coefficients of the curve, we
have

C&p(s) =G ,(s) =Pi(p,p™%) + |E(F,)| Pa(p, p~°) + | M N E(Fp )| Ps(p,p~°)
+ Py(p,p~°)| M2 0 E(Fp)| + Ps(p,p™°%)| My N Mo E(Fp)|.

Furthermore, Py # 0.

THEOREM 2: Let C be a curve of genus 2 over Q with a rational point in Q. Then
there exists a 15 generated, class 2 torsion-free nilpotent group G and associated
Lie algebra L, | € N, rational functions P,Q,...,Q; € Q(X,Y) and varieties
Vi,..., V] defined over Q so that for almost all primes p

(G p(8) = (L ,(s) = |C(E)|P(p,p~* +Z|V )1Qi(p,p~°).

Furthermore, it is strictly necessary to count points on the curve C in the eval-
uation of the zeta function. In particular, the V; are varieties of genus smaller
than 2 and C occurs in the subring of the motivic zeta function one can associate
to the group G.

The method of proof is as follows: given a torsion free nilpotent group with a
presentation

G=(Xy,...,Xq: X1, X]]

||,’:]=~

we take the Lie algebra L associated to G via the Mal’cev correspondence which
has a presentation

L={e1,....,eq: (e¢€;) g a”e;c

For details on this correspondence consult [Se].
Defining C; for j =1,...,d to be the matrices with (i, k)-entry c;(j) where

d
(eives) =Y cinld)en,

k=1

it is known that [duSG1]

¢ (s) = (1—p1)~ /V [P gl de|

P
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where here we define

={M € Try(Z,) : m;C; M* =mq ---mdd(Y”,.. ,Yg) for some Y €Z,}

and |dz| is the normalized Haar measure on Tr4(Z,). Here we have denoted by
Tr4(Zp) the d x d upper triangular matrices with entries from Z,, by m; the i-th
row of the matrix M and by M™* the adjoint matrix of M. We then evaluate this
integral by parts.

The paper is organised as follows: we prove Theorem 1 in Sections 2 and 3, and
then Theorem 2 in Section 4. In Section 5 we discuss the associated problems
of evaluating the zeta functions attached to the groups in question that count
all subgroups of finite index, not merely normal subgroups. In Section 6 we
discuss some problems arising from this work. We include in an Appendix the
determinants arising in the calculation of the zeta functions in Sections 2 and 3.

This work is part of the author’s PhD thesis, Nottingham, 2002, carried out
with the support of an EPSRC studentship, and under the supervision of Pro-
fessor Ivan Fesenko. The work was prepared for publication whilst the author
was the holder of a GTEM post-doctoral research fellowship at the University
of Heidelberg. The author would like to thank EPSRC and the University of
Heidelberg for their financial support, and also 1. Fesenko, M. du Sautoy and M.
Edjvet for their helpful comments.

2. Proof of Theorem 1

Let E be an elliptic curve defined over Q with a rational point in Q. By means
of a linear shift in X,Y we may assume that 0 € F(Q) and so E has an equation
of the form [M1]

Y2 +a1Y +ax XY = X3+ asX? + as X.
A transformation Y + Y — (a2/2) X enables us to write the curve as
Y2 +a3Y = X3+ 01 X2 + ap X
or projectively as
Y Z+asYZ2 = X2+ oy X2 Z + an X Z°.

Notice that this curve may be expressed as the determinant of the following

matrix:
a X+asZ X Y+oa3Z

F= (fzg) = X A 0
Y 0 X
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for appropriate o; € Z. We define the Lie algebra L to be
L= (A, A, A3, B1, B9, B3, X,Y, Z: (4, B;) = fi;(X,Y, 2)).

So how does the calculation of the zeta function associated to this Lie algebra
differ from that presented in [duS1]? The simple answer is: not a lot. The
working is made more difficult due to the fact that the matrix in this case is
not symmetric and so a lot of details that could be brushed under the carpet
previously now have to be confronted head on. Also, the measure of sets that
we need to calculate to show the dependence on the curve is more difficult to
realise. In any case I will now proceed to give the calculations in full. Notice
that these calculations are only valid when we consider the local zeta function of
L at primes p not dividing non-zero members of the set {a7, ag, a3} and also not
dividing the discriminant of the elliptic curve. At these primes the calculations
can still be performed but they lead to a long unilluminating case analysis that
the reader can perform for his/herself.

As outlined above we may write the zeta function as an integral

G () = (1—p~1)® /

M1
Vg

5=t Imgo)*~®|da).

However, the algebra we are working with is class 2 and so we may rewrite this
integral as

Gols)=1—-pH)™® /W« Imaa|*" - - Ime|*~In1|* 7 Ine|* 8 |ng "% |dm] - |dn|
5
where now dm and dn are respectively the additive Haar measures on Trg(Z)
and Trs(Z,), and W; consists of pairs of matrices
(M,N) € Trg{Z,) x Tr3(Z,)
so that for j = 1,2,3 we have
(mig, mi5, mig) C(HN = (@0(4), Bo(4), 10(5))ninans
whereas for j = 4,5,6
(mir, miz, mi3)C(H)NF = (@0(4), Bo(4), v0(4))n1nans.
Here ao(j), Bo(3): 70(j) € Zp,

n a b
N = 0 na C
0 0 ng

b
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and
a; 0 ao 1 0 0 010
c)y=(1 0 o), c@=(0 0 1], ¢d=|00 0],
0 1 o3 0 0 0 1 6 0
a1 0 (6% 1 00 6 1 Qa3
cy={1 0 0], ¢c5={0 0 1), Cc6)=|0 0 0
0 1 0 0 0 0 10 0

Without confusion we can now suppress which case we are dealing with and write
ag ete. for ag(7). In other words, we are integrating by parts: we fix a basis for
the centre of the algebra and count bases for the abelianisation lying above this
particular central basis. Then we count occurrences of bases for the centre. It
is worth remarking here that currently this method has only been made to work
for class 2 algebras. A major challenge in the subject is to formulate a similar
method of integration by parts that will enable one to evaluate algebras of higher
class. We may now write the zeta function as a sum

Cz,p(s) = Z p_Mls”.p_NS(S_S)u/(MIV"vN3)

where now p(My, ..., N3) is the measure of those matrices (M, N) with pM:, p™:
replacing m;, n;. So evaluating the sum now reduces to the problem of calculating
the measure of this set. It is in this measure that the elliptic curve and associated
lines will appear. The measure can again be written as a p-adic integral

3
T u(szl)(p—m—p-m-l)) dal|db]- |

m2>1

pn(M;, N;) =/

(1) - - - p(S2) (
(a,b,c)EZy,

where 1) Qi is the set of (mz,ms) € Zj so that for j = 4,5, there exists
(a0, B0, 70) € Z3 so that

(PM*,ma, ma)C ()N = (a0, fo, 0)p" F 2 Hs,

2) Qy is the set of m3 € Z,, so that for j = 4,5,6 there exists (av, B0, 70) € Zg
so that
(0, PMQ, m3)C(3)N+ = (QO’ ﬂOa 70)?N1+N2+N37

and 3)

Q3 = {1 if (0,0,p"*)C(j)N* = (a0, Bo, o)p™ HH2+1s,
0 otherwise.
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We can similarly define Qy, ..., Qs as follows:

4) Q4 is the set of (ms, mg) € ZIQ, so that for j = 1, 2, 3 there exists (ag, 8, Y0) €
Z3 so that

(pM4’m5’m6)C(j)N+ = (0[0, ﬁO) 70)pN1+N2+N3»

5) Qs is the set of mg € Zj, so that for j = 1,2,3 there exists (ao, o, Y) € Zg
so that

(0’pM5’ m6)C(‘])N+ = (a0a /807 70)pN1+N2+N3 ,

and 6)

Qs = {1 if (0, 0,'pM6)C(j)N+ = (a0, Bo, yo)p™Nr 2+ s
0 otherwise.

Following the notation of du Sautoy we set b:=ac— bp™2 and then one can
check that investigating the above conditions, we can rewrite them as follows:

EvALUATING u(£2;). To calculate the value of {21} notice that the conditions
for a point to be in the set become

(alpM1+N2+N3 =+ 7n2pN2+N37pM1+N2+N3’ m3pN2+N3) = 0mode1+N2+N3,
-aoy —a le
(pM,ma,ms) | —a 0 0 | =0modp™M+H
p™M 0 —a
and
arb+ agpM+h: b —cp™t + azpMiHi
(le’m277TL3) b pN1+N2 Q
—ep™M 0 b
is 0 mod p/V1 M2+ Ns

Thus we have

LeMMA 2.1: u($y) is given by:

@) = 0, if M < Ny
HEW =\ p M), if My > N,

where Q) is the set of those (mg, m3) € Z3 so that

(p™, mg, m3)(S1, S2) = 0mod pMNz*Ns
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and
_aales —apN3 pN1+N3
(51, SQ) = —apN3 0 0
le +N3 0 _apNa
CY]I; + a2le +N2 Z; —-Cle + a3pN1+N2
5 le + N2 0
—cpN1 0 b

So given a solution (pM*, X, Y) to this congruence, all other solutions will be
of the form (p™:, X,Y) + (0, my, m3) where here (mo,m3) is a solution to the
congruence

N3
—a 0 0
(1n2,m3) (lezj_Ns 0 _apN3
(2.1) 7 Ni+N.
1+ N3
' —cle g 0 2) = Omod p™2*+7s.

So to sum up, the value for p{f2;) is contained in the following

ProposiTioN 2.2: If My < Uy + Uy — W — Wy — W3 + Ny + Ny + N3 then
p(Q) = 0. For all other values of M, we have

() = pU1+U2—(N1+N2+N3).

Here we have defined
U1 = min{ul, N2 + N3} and U2 = min{ug, N2 + Ng}
with
vy := min{v(detX) : X a1 x 1 minor of matrix in (2.1)}

and
ug = min{v({detX): X a 2 X 2 minor of matrix in (2.1)} — u;.

We can evaluate these by hand and so find that

Uy = min{v(a) + N3, N1 + Ng,v(b), N+ NQ,U(C) + Nl}
and
uo = min{2v(a) + 2N3,v(b) + N1 + Na + N3,2N; + No + N3, v{a) + U(i)) + Na,
v(a) + Ny + Ng + N3, v(c) + 2Ny + Ny, 20(b), v(b) + Ny + No} — uy.

Similarly we have set
W; = min{Ng + N3,U)i}
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with the w; defined as the u; were above. Thus one may check, using the de-

terminants evaluated in the Appendix to this paper, that we have the following
values for wy, wg, w3:

wy = min{v(a) + N3, Ny + N3, v (b), Ny + Na,v(c) + Ny,
v{asp™? — ¢) + Np, v{enb + agp™ V)
wy = min{v(a) + Ny + 2N3,v(a) + Ny + Ny + N3, v(a) + v(b) + N3, 20(b),
v(a) + 'v(agpN? —¢)+ Ny + Nj, 11(5) + Ny + N3, 2N; + Ny + N,
2(N;1 + N2), ( y+ v{asp™? — ¢) + Ny, v(asp™? — ¢) + 2N; + Ny,
v(b) + Ny + No, 2(Ny + N3),v(b) + Ny + No + N3, v(c) + 2N; + Na,
v(c— asp™?) 4+ 2N, + N3, v(a) + v(c) + N1 4 N3, v(c) + 2N, + Na,
v(c) + v(b) + Ny, v(e) + 2N, + v(asp™? — ¢), 2v(a) + 2N3} — wy;
and finally:
ws = min{3v(a) + 3N3, v(a) + v(b) + Ny + Na + N3, 2v(a) + v(b) + 2N3,
v{b) + 2Ny + Ny + N3,3N; + Na + 2N3, 2v{a) + Ny + 2Nj3,
'1)(13) +v(b) + Ny + Ny + N3, v(asp™? — ¢) + v(b) + 2N; + Ny + N,
v(asp™? —¢) + 3Ny + Ny + Ny, v(a) + v(c) + 2Ny + Na + N3,
v(a) + 21)(5) + N3, v(c)+ 3Ny + No + N3, v(a) + v(E)
+ Ny + N3, v(a) + 2Ny + Ny + N3, 1)(—53 + ali)sz’ +Ns

AN +Ny) 2, 2N,

+ agbp ApNipNiHANe 4 quep?NipMAENY ) — .

We can similarly evaluate Q9,...,{2 and get the following values for these
functions:

PROPOSITION 2.3:

(Q)— 0 ifﬂ[2<Vl—(U1+U2)+N1+N2+N3,
HR%2) = pVi=(Mi+Na4Ns) - ot herwise;

where Vi is defined to be
V) := min{N; + N3, v(a) + N3, v(c) + Ny, v(b), No + N}
PROPOSITION 2.4: Qg is 1 if and only if

My > Ny, My > Ng,Afg-‘rl)((L) > N+ Ny,
M3+‘U(b) > N1+N2+N3,M3+1)( )>N2+N3
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and is 0 otherwise.

In an entirely similar fashion one can establish

PROPOSITION 2.5: ;L(Q,;) =0if My <Us+Us— (W1 +Wo4+Ws3)+ N1+ Ny+ Nj
and for all other values of My we have
1(S) = pU4+U5—(N1+N2+N3);
ﬂ(Qs)Z 0 ifM5<m—(U4+U5)+N1+N2+N3,
p¥a—(Mi+Ne+Ns)  otherwise;

and Qg is 1 if and only if

Mg > N1, Mg +v(a) > N1+ Nay, Mg > Ny,
M + v(—cp™ + agp™+™2), Mg +v(b) > Ny + Np + N3

where the U;,V; are defined as before.

One can check that the only case that leads to non-monomial conditions on
the entries of the matrix occurs when we evaluate Us:

us = min{2v(a) + 2Nz, v(a) + Ny + Na + N3, v(b) + Nq + Na,
via) + ?)(t;?) + N3, v(b) + Ny + Na + N3, 2N; + Ny + N,
v(agp™® — ¢) + 2Ny + Ng, 20(b)} — u4.

In order to show that evaluating the zeta function of the group depends on
counting points on the elliptic curve mod p it will be sufficient then to calculate
the measure of the following set. For all natural numbers A, B, B,C,F,G,H we
need to find the value of

BABB.CFGH = w{(a,b,c) € Zf,: v(a) = A,v(l;) = B,v(c) =C,v(b)=B
v(ep™ + agp™M V) = G v(anb + agp™tNV2) = H,

1}(—53 + a152pN1+N2 + 052?)[)2(N‘+N2) _ 62p2N1pN1+N2

+ a3cpN1p2(N1+N2)) — F}

The first thing to notice is that, writing ® for the set (b/c + p™*~CZ,) U pAZ;,
we have

if B# A+ C,Ny—C > min{A, B - C},
“A(1l-p™"), if B# A+ C,N2—C <min{4,B-C},
C—Na ifB=A+C,A+C > Ny,
—4, ifB=A+C,A+C < No;

w(®) =

BVWWBY O
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it is sufficient for us to evaluate

Kg.crcH = p{(b,c) € zZy: v(b) = B,v(c) = C,v(agp™ ™ — op™) = G,
U(a]i)‘f‘ a2pN1+N2) = H, ,U(_Bii + ali)QerFNz + a2(~)p‘2(N1+N2)

_ 02p2N1 + aacpprg(N1+N2)) — F}‘

Thus by changing the value of C, writing (b, B) for (5, B) and N for Ny + N, we
need to calculate the value of
peoran = p{bc) e ZZ: v(b) = B,v(c) = C,v(—c+agp™) = G,
v(anb + agp™) = H o(=b" + a1p*p" + agbp®™
—2pN + azep®™) = F1.
We split the analysis into three sections:
(1) N < B,C;
(2) B<N.B<LC;
(3) C<B,N.
Case l: N<B,C.

Setting & = b/p",¢’ = ¢/p" and replacing b', ¢’ by b, ¢ respectively, we must
evaluate in this instance

p{(b,c) € Zf): v(b) = B,v(c) = C,v{as — ¢) =G,
v(ayh + ag) = H,v(b® — a1b? — agb+ ¢ — ase) = F}.
Notice that the calculations which follow assume that ajasas # 0. The special
cases that follow when this is not the case are all handled in the same way and

so we suppress the details.

Notice also that the above set can be expressed as a Boolean combination of
sets of the form

{(b.) € 22 v(b) = B, v(c) = C,v(as ~ ) > G,
v(ah + ag) > H,v(b* — anb® — agb+ ¢ — aze) > F}.

We write d(B, C, F, G, H) for the measure of this set and evalnate this. The first
thing to notice is:

LEMMA 2.6: Suppose B,C > 0. Then G =0 = H, otherwise d(B,C,F,G,H) is
0. When G = 0 = H then the measure depends upon the value of F in relation
to that of B and C. Namely:

(1) if F < min{B, C} then d(B,C,F,0) = p~Cp=B(1 — p~1)2;
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(2) if F < min{B,C} then d(B,C, F,0) = 0 unless B = C when d(B,C, F,0)
=p Tp (1 -p).

Next consider what happens for C' > 0, B = 0. As in Lemma 2.6 we require

G = 0 in order to get a non-zero value for the measure. We encapsulate what

happens in this instance in the next

LEMMA 2.7: Suppose that C > 0= B = G. Then
(1) H > 0= F =0 or the measure is zero. In the case H > 0, F = 0 we must
evaluate

w{(b,c) € Z?,: v(b) =0,v(c) = C,v(ayb+ ag) > H}

which is dependent upon the number of points on the line
{a1b+ ag = 0}(F,). This is uniform in p and so can be neglected.
(2) fG=0=H then 1 < F < C =d(0,C,F,0,0)=2p~ Fp=¢(1 - p~1).

Next, we consider the case B > 0,C = 0. As previously it is immediate that
to get a non-zero value for the measure we require that H = 0. When H = 0 we
evaluate

d'(B,0,F,G,0) = p{v(b) = B,v(c) = 0,v(az — ¢) = G,
v(b3 —ab? — agb + 2 — aze) > F}.
LEMMA 2.8:
(1) If F > min{B, G} then d'(B,0, F,G,0) = 0.
(2) If F < min{B, G} then d'(B,0, F,G,0) depends upon the number of points
on the line {ag — ¢ = O}(IF,,) and so is uniform in p.

Finally, we must consider what happens when B = C' = 0. In this case we
want to calculate a value for
doo.rc.n=p{ec) e Zg: v(b) =0,v(c) =0,v{az — ) > G,
v(onb+ ) > H,v(b> + a1b® + ab 4 c2 + azc) > F).
The dependence on the varieties deseribed in Theorem 1 will be born out of the
following

LEMMA 2.9: Let K > 1, let (b,c) € (E%Z) with

A+ Ab® + Agb + Asc? + Age = Omod p.

where here p is a prime dividing neither the discriminant nor the coefficients of the

curve. Then there exist p pairs (b1, ¢;) € (p,\%lz) so that b = by, ¢ = ¢; mod p&+!

and

(2.2) Ab? + Agb? + Agby + Ase? + Ager = Omod p e,
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Proof: Setting by = b+ 8p™ and ¢; = ¢ + p™ we want to count pairs (8,7) €
{0,...,p — 1}? so that (2.2) is satisfied. Expand this equation and notice that
we may write

A3+ 4 Age = tp®

for some t € N, and then it follows that we are looking for solutions of the linear
congruence (in terms of 4 and )

t+ B(36% A + 204y + A3) +v(245 + Ag) = Omod p.

The only way this congruence cannot have p solutions is when both the coefficients
of 3 and ~y are zero mod p. But this happens only when p divides the discriminant
of the curve, contradicting the hypothesis we made. Thus the result is proved.
|

We will split the calculation of the measure into a case analysis dependent
upon the values of F, G, H:
(1) F,G,H=10;

F,G,H #0.

1) We have d(0,0,0,0,0) = y.(Z; x Z;), which is uniform in p and so can be
neglected.

2) It follows simply from Lemma 2.9 that

d(0,0, F,0,0) = p~+14(0,0,1,0,0) = p~ F (| E(F,| - 1).

3) We have d(0,0,0,G,0) = (1-p~1)p~¢. Notice that this expression actually
involves counting points on the line {az — ¢ = 0}(FF,,) but this is suppressed due
to the uniformity of this variety.

4) In an identical fashion, we have d(0,0,0,0, H) = (1 —p~1)p~H.

5) d(0,0,0,G,H) = p~¢~H; here we are counting points on the intersection
{a3 —C= 0} N {Ozlb + g = O}UFP)

6) d(0,0,F,0,1) = p~F*Y(EN{a1b+ as = 0}(F,)) and the case for a general
H follows as a simple recurrence relation.

7) d(0,0,F,1,0) = p~F*YEN {a3 — ¢ = 0}(F,)) and the case for a general G
follows as a simple recurrence relation.
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8) d(0,0,F,1,1) = p"F+*Y(En{ab+ 02 = 0}n{as —c = 0}(F,)) and the case
for general G, H follows as a simple recurrence relation.

This completes the case N < B, (. Notice that this is as stipulated by the
work of du Sautoy and Grunewald in [duSG1] in that finitely many varieties, and
their intersections, arise in the evaluation of the local zeta function.

CASsE2: B< N,B<C.

Setting ¥ = p~/b,¢’ = c/b and replacing as before we must evaluate, for
B>1,C2>0,

p{(b,c) € Zf,: v(b) = B,v(c) = C,v(bas — ¢) = G,
v(ag + azb) = Hyv(1+ arb+ a2b? + b + asch?) = F}.

Using the same notation as before we can see that F, H > 0= d(B,C,F,G,H)
is 0. The only non-trivial measures arising here are contained in

LEMMA 2.10: Suppose that F = 0= H. Then
(1) G > min{B,C} = d(B,C,0,G,0) =0,
(2) min{B,C}>G = p~Bp~C(1-p~1)~%

Case 3: C< B,N.

As is now becoming familiar, we set b’ = b/c,¢’ = p"/c and relabelling as
before we must evaluate for B,C > 0

u{(b,c) € Zf) :v(b) = B,v(c) = C,v{azc— 1) =G,
v(onb + age) = H,v(b® — arb®c — aghc® + ¢ — asc?) = F}.

We again immediately notice that G > 0 will give us a set of measure 0. The
remaining cases, with the usual notation, are encapsulated in the following

LEMMA 2.11:
(1) If F < min{3B,C} and H < min{B, C} then

d(B,C,F,0,H)=p “p~B(1 —p™")%

(2) if either F > min{3B,C} and 3B # C, or H > min{B,C} and B # C,
then d(B,C, F,0,H) = 0;
(3) if F > min{3B,C},3B = C and H < min{B,C} then

d(B,3B,F,0,H)=p Fp B(1-p71);
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(4) if H > min{B,C},B = C and F < min{3B,C?} then
d(B,C,F,0,H)=p~"p=P(1-p7h).

So to finish I will briefly outline why the calculations I have performed lead to
the theorem stated in the Introduction. This is exactly as contained in [duS1]
and so I only include it for completeness. The calculations carried out here are
sufficient to prove

PROPOSITION 2.12: There exists a finite partition |J;cgA; of R® defined
by linear inequalities with coefficients in Q and for all i € S polynomials
P;,Q;, R;, S;. T; in Q(X) and linear functions o, 83i,%i, 6;, €; so that if

A= (A B,B,C,F,G,H,N,,N;) e N N A;
then

p{- -} =Pi)p™ @ + Qi(p) | E(F,) 1p™Y) + Ri(p)|E N My (F,)|[p"
+ S;(pEN MZ(Fp)lp(si(A) +Ti(p)|[EN M N MQ(]Fp)lpei(A).

From this result, together with the values we worked out for the functions
Q1,...,9 one can deduce that there exists a finite partition (J;cgA; of R'8
defined by linear inequalities with coeflicients in Q and for all i € § polynomials
P;,Q;, R;, S; in Q(X) and linear functions «;, 8;, ¥:, 6;, €, a4, by, ¢, d;, €; so that if
A=(A,B,B,C,F,G,H,M,,..., Mg, Ny, Ny, N3) then

Go=F T P 4 Q) |E(F,) s
€S AENIBNA,
+ Ri(p)|E N My (F, ) |p: (M+esths
+ Si(p)|E N My(E, ) |[p* (D +e:(M)s
T;(p)|E N My () My(F, ) |psi M +ec(M)s,

Adding all this together is almost sufficient to prove Theorem 1. It is merely
necessary to check that the rational function P, is not identically equal to 0.

3. Completion of the proof of Theorem 1

Although the Theorem is now complete, in order to show that this collection
of nilpotent groups really does encode the arithmetic of the elliptic curves it
is necessary to show that the rational function we have called P, is non-zero.
As things stand we have merely shown the existence of such a function without
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saying anything about what it looks like. To show the function is non-zero, it is
sufficient to show that counting subalgebras of some small p-power index in L is
dependent on counting points on the reduction of the elliptic curves in question.
This is a simple exercise in solving some congruences mod p.

So again let L = L{E) be the Lie algebra with presentation as described earlier.
Throughout this calculation we will assume we are dealing with a prime p not
dividing oz as this will simplify greatly the work involved. Then to count
ideals of index p® say, it will be sufficient to count the number of pairs of matrices

n a b
((mg), | 0 mn2 ¢ |])so that the following four conditions are satisfied:
0 0 ng

(1) myj,np € Z;

(2) 0<my; <my;, 0<a<mng 0<Lbce<ng;
(3) my; =pMi,n; =pNi, My+---+ N3 =5;
(4) fori=1,...,6,

J=1,2,3= (miqg, iz, mis)C(j)NT = (o, Bo, Yo)n1n2ns,
7 =4,5,6 = (my1,mz, miz)C(HINT = (o, Bos yo)ninans.

Now the first thing to notice is that if we work out the left hand side of condition
(4) for all the relevant values of 7,j and «; then we can immediately deduce the
following

LEMMA 3.1: My,...,Mg > Nl;Mg,Ms > N2;M2,M5 > Ns. Hence Ny =0 and
0 < Ny, N3 <1 and furthermore Ny + N3 = 0,1.

To make the analysis that follows more tractable, we again split the working
into several separate cases.

CASE1l: No=N3=0

This is easily dealt with. In this case N = Id3, no conditions arise from (4)
and we merely have to count all matrices (m;;) that can occur. This is uniform
and polynomial in p and so can be encompassed under the umbrella of a rational
function of p,p~° in the evaluation of the zeta function. As such it doesn’t
concern us here.

CASE 2: Ny =1,N3=0.
It follows from the conditions stipulated above that N3 = b = ¢ = 0 and
0 < a < p—1. Then condition (4) becomes

op —aap ap
(mig, mis,mie) | P —a 0 = 0 mod p,
0 1 agp
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ap —axp ap

(mi1,mea,mi3) | asp  —a 0 | =0modp,
0 1 0
p —a O
(msg, mis,me) | 0 0 p ) =0modp,
0 ¢ ¢
0 0
(mia,mis,m) | 0 0 0 ) =0modp,
p —a 0
p —a O
(mi1,miz,m3) | 0 0 p | =0modp,
0 0 0
0 1 oa3gp
(mir, meo,m3) | 0 0 0 | = Omodp.
p —a 0

So if @ = 0 then the only thing these matrices tell us is that m;s = 0 modp,
from whence it follows that m;s = m;3 = m;; = Omodp and thus the number of
matrices in this case is again uniform and polynomial in p. If, on the other hand,
1 < a < p-—1 then we see that m;; = 0 = mysmodp and so a = (1,0,1,1,0,1)

and again we will get a uniform expression.

CASE 3: Suppose finally that N3 =1, No =0 = q.
In this case the conditions the matrices must satisfy become

(3.1) (ag — bay)mig + bmys + (a3 — ¢)mig = Omodp,
(3.2) bm;q + m;s = 0modp,
(3.3) —cmyg + bmyg = O mod p,
(3.4) (g + bay)myy + bmys — emys = Omod p,
(3.5) b1 4+ mis = 0mod p,
(3.6) {(—c+ asbym;; + bm;z = 0modp.

Recall that we already know that p divides mgs, mss by Lemma 3.1 and this
is confirmed by equations (3.2), (3.5). Setting ¢ = 3,6 allows us to deduce the

following congruences involving entries on the diagonal of {m;;):

(3.7) —bmgg = 0mod p,
(3.8) (a5 — ¢)meg = Omodp,
(3.9) —bms3 = 0modp,
(3.10) cmgz = 0mod p.
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So we do a case-by-case analysis, dependent, on the values of b, a3 — ¢, cmod p.

SUBCASE 3.2: b # 0mod p so that p does not divide b.
We can immediately see that p divides ms3,mgg and so ¢ = (0,1,1,0,1,1).
Setting 1 = 1 tells us that

miz = —bmod p,

—(c—a3)
b
(a2 + a1b) + binjg — emys = Omod p,

myz = mod p,

and so we have uniquely determined my2,my3 in terms of b, ¢, from which it
follows by elementary analysis that (b,c) € E(F,).

An entirely similar process gives us the same information about m45, m4s. So
now to deduce that in this case we have no alternative but to count points on the
reduction of the elliptic curve, it will be sufficient to demonstrate what values
the other entries in the matrix M can take.

Recall we know from the four conditions that m;s = 0 Vi < 4. So we need
to investigate how to determine the remaining values of m;q, m;3, m;5, myg. This
is easily done simply by examining the equations for values of ¢ running from 1
through 5 and one can see that all the outstanding values are uniquely determined
by the choice of point (b,c) on the reduction of the curve.

SUBCASE 3.3: b= 0modp.
The 6 conditions then become

asmyg + (a3 — ¢)mg = O mod p,
m;s = 0modp,

—cmy4 = 0modp,

asm;y — cmyz = 0mod p,

m;o = 0modp,

(a3 — ¢)mi; = 0modp.

From these equations it is possible to show that in two of the cases which can
occur, namely 1) ¢,a3 — ¢ # 0modp and 2) ¢ = Omodp, a3 — ¢ # Omodp, the
fact that we are working with ideals of index p® means that no such matrices can
occur. It seems reasonable, however, that if we increase the exponent of p then
matrices will occur that bear witness to these congruences. However, suppose
we look at the final possible case ¢ # 0mod p, a3 — ¢ = O0mod p. In this case the
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conditions become
aam;s = 0mod p,
mys = 0mod p,
cmyy = 0modp,
agm;; — cmyz = Omod p,
m;2 = 0modp,

and so the only constraints the coeflicients are bound by are
Mag, M33, Maq, M55 = 0mod p.

It can again be checked that this leads to a polynomial uniform expression in p.
This finishes the calculation and demonstrates that it really is necessary to count
points on the elliptic curve; there is no quirk which ensures a simple expression
after all. Thus Theorem 1 is proved. ]

4. Proof of Theorem 2

First let us recall what Theorem 2 stated:

THEOREM 2: Let C be a curve of genus 2 over Q with a rational point in Q. Then
there exists a 15 generated, class 2 torsion-free nilpotent group G and associated
Lie algebra L, | € N, rational functions P,Q1,...,Q; € Q(X,Y) and varieties
V1,..., Vi so that for almost all primes p

i
G (8) =2 () = ICE)P(p.p™) + Y _ IVi(Fp)|Qi(p, p™°).

i=1

Furthermore, it is strictly necessary to count points on the reduction of the curve
C in the evaluation of the zeta function. In particular, the V; are varieties of
genus smaller than 2 and C occurs in the subring of the motivic zeta function
one can associate to the group G.

As this result follows along very similar lines to Theorem 1, a lot of details will
be swept under the carpet. It is known (see [M2, Ch. 1] for example) that every
curve of genus 2 over Q is of the form

& :CL()‘X6+"'+CL6
and so every curve of genus 2 with a rational point is of the form

Y240 =agX%+ - +asX
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or projectively of the form
Y2ZU 4 Y Z° = apX® + - +asX 2P

and so is expressible as the determinant of

Y X /X 0 X482 BaZ

0 Z X BZ 0 0
c_| 0o 0oz Xx 0 0
' 0o 0 0 Z X 0
0O 0 0 0 z X

BX 0 0 0 0 Y + B2

Thus we will count ideals of p-power index in
L:= (Al, sy AG,Bl, ey Bs,X,Y, Z: (A,‘, B]) = gij(‘Y,Y, Z)>

For an algebra of this size, it becomes very difficult to evaluate the integral that
would give us a full description of the zeta function encoding the ideal structure of
L. Thus for this algebra, we will content ourselves with evaluating the coefficients
of the zeta function for small powers of p in order to demonstrate that evaluating
the zeta function does depend upon the number of points on the genus 2 curve
as claimed. Given the work of du Sautoy and Grunewald in [duSG1] this will be
sufficient to prove Theorem 2. This will follow exactly as for the elliptic curve
example already considered, and in fact the details are very similar also. Recall
that in order to count ideals of index p™ in L it is necessary and sufficient to

n a b
count all pairs of matrices ((ms;), | 0 n2 ¢ |) so that the following four
0 0 3

conditions are satisfied:
(1) my,ni € Z,
(2) 0<my; <mj;, 0<a<ng, 0<bc<ng,
(3) my; =pMin;=pVi, My +---+ N3 =n,
(4) for i =1,...,6,

j=1,...,6 = (mr,...,mi12)C(HIN' = (ao, Bo, Yo)n1nans,
i=7...,12= (my,...,mi, )C(HIN' = (a0, Bo, Yo)n1nans,

where the matrices C(1),...,C(12) are defined as in the elliptic curve example.
Then if a, denotes the number of ideals of index p™ in the algebra L, then

= Y, eppt T
<(Q5k)>=n
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where c¢(, ) denotes the number of pairs of matrices satisfying the above con-
ditions with diagonal entries p®,p» respectively. Also note that by < {(a,b) >
we mean the sum of the entries in the vectors. Again we immediately get some
restrictions on the values the diagonal entries of the matrices can take which are
included in the next

LEMMA 4.1:
(1) a1,...,a7,ag,...,a12 > by,
(2) a2, a4,as5,a12 > b3,
(3) ag,ay2 > bs.

We consider the case n = 11, as in this instance it is a simple task to demon-
strate the dependence on the curve of the number of ideals of given index. The
first thing to notice is that the above Lemma forces b; = 0. We consider the case

(¢,b) >=(0,1,1,1,1,1,0,1,1,1,1,1,0,0,1).

In other words, we are counting pairs of matrices (M, N) in which
1 0 %
N=]101 ¢]|,
0 0 p

the diagonal entries of M are (1,p,p,p, p,p, 1,p, p, p, p, p) and condition (4) above
has now reduced to (replacing b by —b)

cmyz + bmig + Brbmig + (B2b + Bz)minn + Bamir2 = 0mod p,
myg + bmig + Bsmizo = Omodp,

mig + bmy1g = Omod p,

mi10 + bmyp = Omodp,

mi11 + bm;ia = Omod p,

Bebmyz + (87 — ¢)my12 = Omod p,
~emyy + bmyg = 0mod p,

bm;1 + m;z = 0mod p,

Brbmy1 + bmyg + my3 = Omod p,

Bsmg + bmys + mys = 0modp,

(B2b + B3)mi1 + bmig + mis = O modp,
Bams1 + bmis + (87 — ¢)mie = 0mod p.
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Notice that if b,c = 0, then these conditions reduce even further and we get a
uniform number of pairs of matrices, regardless of the prime p. The interesting
case is when b and ¢ are non-zero. In this case, as for the case of the elliptic curve
example, it is simple to see that the number of pairs of matrices that occur is
dependent on counting points on the reduction of the curve. For M is uniquely
determined and the above conditions imply that the number of various N that
can occur is |C(F,)| — 1. Theorem 2 now follows as in the work of du Sautoy in
[duS2] which we mirrored in Section 3 of this paper. |

Remark: It is possible to complete this working and get a full description of
a11. However for the purposes of the Theorem we have sufficient detail.

5. Counting all subalgebras

We have given a fairly complete description of the zeta function counting ideals
of the Lie algebras considered in the proofs of Theorems 1 and 2. We now digress
slightly and consider the problem of counting all subalgebras in the Lie algebra L
associated to the elliptic curve of Theorem 1. It is natural, given the presentation
of L, to suspect that evaluating the zeta function counting all subalgebras of L

will depend on counting points on the same varieties. Again it is known, from
[dSG1], that

GEp) = =p ) [ o ol
P
and we again simplify to write
)= =) [ o fogfodim] -,
p

where now W, consists of upper triangular matrices M € Tr¢(Z;) so that for all
1<4,5 <6,

6

m; ( Z m][D(l)) Nt e ’fllTLQ’IngIS)
1=

where

o
OO O OO
OO o

e 9

0 -1 — Q3
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and D(2),...,D(6) are defined similarly. As we have done above, it is possible
to explicitly count all subalgebras of L of small p-power index, and these
calculations, which are too lengthy to be included here, lead me to pose a

PROBLEM 5.1: Given the algebra L(E) associated to the elliptic curve E and
nilpotent group G(E), do there exist rational functions Py, Py, P, Py, Ps so that
for almost all primes

S (8) =C5,(s) =Pi(p.p™") + |E(F,)|P2(p.p™*) + | M1 N E(F,)|Ps(p,p~°)
+ Py(p,p™*)[Ma N E(F,)| + Ps(p,p~%)| My N My 0 E(F,)|

for the same lines My, M,?

The stumbling block to proving this isn't one of conception: all the machinery
would appear to be in place. However, the conditions lead to a very complicated
case analysis which I have not yet carried out.

This does lead one to another:

QUESTION 5.2: Given a finite dimensional Lie ring L over Z, do the same vari-
eties always arise when one evaluates either the local zeta function counting all
prime power index subalgebras or the local zeta function only counting all prime
power index ideals?

A proof would probably come from understanding the associated motivic zeta
function better. For details consult [duSL].

6. Questions arising from this work

We have extended du Sautoy’s work to produce a larger class of curves whose
arithmetic is encoded in the subgroup structure of some nilpotent groups. Al-
though in the genus 2 example we already see that things rapidly become more
complicated as the degree of the curve increases, we may still in theory ask to
what extent this method of producing curves as determinants holds good.

In 1921, Dickson [Di] considered the problem over C and gave a description of
all homogeneous polynomials arising as the determinant of a matrix with linear
entries; his methods were somewhat ad hoc. More recently, Beauville [Be] has
used the theory of Cohen-Macauley sheaves to show in fact that any curve over Q
can be written as the determinant of a matrix of linear forms. Thus it is in theory
possible to extend further my examples and produce any curve as a determinant.

Here we have considered curves of small genus as they are classes of curves
with a nice general description. It may be that one can define other classes of
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curves with general equations of this type, but it is known for instance [M2] that
when one considers curves of genus 3, such curves do not have a description of a
similar kind. There is no general formula giving every such curve.

Also notice we have stipulated that the curves we consider have a rational point.
This is to keep notation as simple as possible. For example, it does not appear
possible to write down a determinant giving an arbitrary elliptic curve; it seems
that as one considers curves, one must consider alternative styles of presentation.
The class of curves with a rational point contains a large proportion of all elliptic
curves, conjecturally 70% of them [BM, W], and this class does have a nice
expression as a determinant, as we have seen.

Similar work to that contained here has been carried out by Christopher Voll
[V], who has also considered the problem of constructing groups whose subgroup
structure encodes information about the reduction of some plane curves. He con-
siders more generally curves over an algebraic number field, whose representation
as a determinant is well known [Di]. He is able to give expressions for the zeta
function of a Lie algebra whose Lie structure is defined similarly to that con-
tained here. As such he demonstrates a relationship between plane curves over a
number field and zeta functions counting certain restricted types of subalgebras
of a Lie algebra defined over Q. For more details consult his thesis.

Voll also completes the calculation for the zeta function counting points on the
elliptic curve E : Y2 = X3 — X. By explicitly evaluating the rational functions,
and applying a functional equation for the Weil zeta function encoding the num-
ber of points on E(IF,), he is able to demonstrate the existence of a functional
equation for this zeta function. One can ask whether this phenomenon will hold
in full generality, for instance for the zeta functions considered here. Denef and
Meuser [DM] have shown that the Igusa zeta function has a functional equation;
this zeta function is a special case of du Sautoy and Grunewald’s cone integral
with an empty cone condition. It is possible to construct a cone condition so that
the associated cone integral does not satisfy a functional equation, but can such
a cone condition come from a presentation for a nilpotent group? Or do the cone
conditions arising from group presentations all have the necessary symimetry to
ensure the existence of a functional equation for all group zeta functions? I thank
Marcus du Sautoy for suggesting this reasoning to me.

To end this paper, I will now note the determinants arising from the 3 x 3
minors of the matrix (S1,52) in the calculation of the zeta functions in Section
1 of this paper.
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Appendix

In the interests of completeness, we include here the determinants arising from
the 3 x 3 minors of the matrix (S7,S2). By repeatedly applying the condition
min{v(X +Y),v(X)} = min{v(X),v(Y)} and noticing that we have stipulated
that p does not divide ajagag, it is relatively straightforward to see that the
value for W3 is as contained in the main body of the text. The same process
enables one to evaluate Wy, Us, Us but in the interests of brevity we suppress
the details. Throughout {(ag, as, a3) will denote the determinant arising from the
matrix formed from the a;, a9, a3 columns of (S1,55) for a; € {1,...,6}:

(1’ 2’ 3) a3p3N3

(1,2,4) abp™N1+N2+2Ns

(1,2,5) ap?Ni+N2+2Ns

(1,2,6) —a2bp?Ns

(1,3’4) _bp2N1+N2+2N3 + a2a2pN1+N2+2N3

(1’ 3, 5) p3N1+N2+2N3 + (L21~)p2N3 _ a2a1pN1+N2+3N3

(1,3,6) abp™+2Ns 4 g2 (azp™z — c)pMNi+2Ns

(1’4’ 5) Bpr1+N2+N3 + Ozgp3N1+2N2+N3 . Ozlbp2N1+2N2+N3

(1,4,6) (cugpN2 — ¢)bp?NitNa+Ns +a2al;pN1+N2+N3

(1,5,6) (agpNg _ c)p3N’+N2+N3 + al~)2pN3 _ aBpN1+N2+N3

(2,3,4) —a?bp?Ns

(2,3,5) —a?p™NitNa+2Ns

(2,3,6) 0

(2, 4, 5) _acp2N1+Nz+N3

(2,4,6) —ab*p™

(2,5,6) abpN+N2+Ns

(3,4,5) epPNHNatNs L b2pNs o qbpN1 N2 Ns 0, p2(N1HN2) N,

(3,4,6) BZPNI ey U'B(afipNz - C)le_‘—NS

(3,5,6) (asp™? — c)ap?M Nt

(4,5,6) —b% + ayb2pM Nz qubp2(NitN2) _ (2p2NipNiANs 2N pNi N,
So, for example, to get rid of the non-monomial expression

(azp™? — )P+ NetNa 4 gp2pNs  qppNHNet N

coming from the determinant (1, 5,6) we apply the condition
min{v(X +Y),v(X)} = min{v(X),v(Y)}

to the determinants (2,4,6) and (2,5,6) to eliminate from consideration the
terms ab’p™* and abp™1+N2tNs | The same process allows us to neglect all non-
monomial expressions except that arising from (4,5, 6).
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